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Abstract 

In [9], a purely algebraic analogon of Katz' middle convolution functor 
(see [12]) is given. It is denoted by MC\. In this paper, we present 
a cohomological interpretation of MC\ and find an explicit Riemann- 
Hilbert correspondence for this functor. This leads to an algorithm for the 
construction of Fuchsian systems corresponding to irreducible rigid local 
systems under the Riemann-Hilbert correspondence. Also, we describe the 
effect of MC\ on the p-curvatures and find new examples of differential 
equations for which the Grothendieck-Katz p-curvature conjecture holds. 

1 Introduction 

Let D be a complex ordinary differential equation of order n or, equivalcntly, 
a linear system of differential equations of rank n. Let T = {t\, . . . ,t r } C C 
denote the set of finite singularities of D and let 7 be a closed path in X = C\T. 
Analytic continuation of a fundamental matrix F of D along 7 transforms F 
into F ■ A, with A e GL n (C) uniquely determined. One calls A the monodromy 
matrix of D with respect to 7. In other words, if T denotes the local system on 
X, formed by the solutions of D, then A describes the monodromy of J- along 
7- 

Since Riemann's investigations on the hypergeometric equations ([16]), the 
use of monodromy is one of the most powerful tools in the investigation of in- 
tegrable differential equations. 

It is a basic fact, already used by Riemann, that the solutions of the hy- 
pergeometric differential equations give rise to a physically rigid local system, 
sec [12], Introduction. This means essentially, that the global behaviour of the 
solutions under analytic continuation is determined by the local behaviour at 
the singularities (including 00). 

*The first author gratefully acknowledges financial support from the Deutsche Forschungs- 
gemeinschaft DFG. 

^The second author gratefully acknowledges financial support from the Research Training 
Network (Galois Theory and Explicit Methods in Arithmetic) of the European Community. 
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A description of all irreducible and physically rigid local systems on the 
punctured affine line was given by Katz [12]. The main tool hcrcforc is a mid- 
dle convolution functor on the category of perverse sheaves, loc. cit., Chap. 
5. This functor is denoted by MC Xl for x a one-dimensional representation 
of 7Tl ((urm ). It preserves important properties of local systems like the index of 
rigidity and irreducibility, but in general, MC X changes the rank and the mon- 
odromy group. As an application, Katz shows that any irreducible rigid local 
system on the punctured affine line can be obtained from a one-dimensional 
local system by applying iteratively a suitable sequence of middle convolutions 
MC Xi and scalar multiplications, loc. cit., Chap. 6. Since the effect of MC Xi on 
the local monodromy can be determined via Laumon's theory of /-adic Fourier 
transform, this leads to an existence algorithm for rigid local systems, loc. cit., 
Section 6.4. 

In [9], the authors give a a purely algebraic analogon of the functor MC X 
(the construction is reviewed in Section 2). This analogous functor is a functor 
of the category Mod(lf [F r ]) of modules of the free group F r on r generators to 
itself. It depends on a scalar A 6 C x and is denoted by MC\. 

One has the equivalence between Mod(C[.F r ]) = Mod(C[7r 1 (AT, Xo)]) and the 
category LocSys(X) of local systems on X, see Section 4.1. Then, MC\ trans- 
lates into a functor of the category of local systems on the r-punctured complex 
affine line X to itself, sending a local system T to MC\{!F), see Section 4.2. It 
follows from the results of [9] that MC\ (viewed as a functor on the category of 
local systems on X) has analogous properties as Katz' functor MC X , where \ 
is the representation, sending the standard generator of 7ri(G m (C)) to A. This 
leads to a new and elementary proof of Katz' existence algorithm for rigid local 
systems, see [9], Chap. 4. Similar results are obtained in [19]. 

It is the aim of this paper to give answers to the following problems: 

Problem 1: Give a cohomological interpretation of MC\(!F), explaining the 
formal similarity between MC\ and Katz' functor MC X . 

By the work of Dclignc, it is known that the category of complex local sys- 
tems on X = C \ T is equivalent to the category of ordinary complex differential 
equations with polynomial coefficients having only regular singularities at the 
missing points (including oo) and no singularities in X, see [8]. This equivalence 
is called the Riemann-Hilbert correspondence. This leads to 

Problem 2: Given a differential system having only regular singularities and 
whose local system formed by its solutions is J 7 , find a differential system having 
only regular singularities such that the local system of its solutions is MC^F). 

As it turns out both problems are closely related to the cohomology of the 
locally trivial fibration p2 : E — > X, defined below. The first one is related to 
the singular cohomology and second one to the de Rham cohomology of p2- 
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Motivated by Katz' description of MC X (T) in [12], Chap. 5.1, we give a 
solution to Problem (1) in Section 4. For this, let X = C \ T be as above, 

E = {0, y)e<C 2 \x,y^ti,i = l,...,r,x^y}, 

Pi : E — ► X, i = 1, 2, be the i-th projection, 

q : E ^ C x , (x,y) ^ y - x, 

j : E -> P^C) x X the tautological inclusion and p 2 iP'fCjxI-tX the 
(second) projection onto X. Moreover, let C\ denote the Kummer sheaf as- 
sociated to the representation, which sends a generator of 7Ti(C x ) to A (see 
Definition 4.1). The following theorem is proved in Section 4.3, using singular 
sheaf cohomology (see Theorem 4.4): 

Theorem 1.1 Let T be a local system on X and A £ C x \ 1. Then MC\{F) 
is isomorphic to the higher direct image sheaf i? 1 (p2)*(j*(Pi(-? r ) <8> q*{C\))). 

The idea of the proof is to relate the construction of MC\ to the group 
(resp. singular) cohomology of the locally trivial fibration p 2 : E — > X, where 
one can explicitly work with crossed homomorphisms. We do not use the stan- 
dard base but a twisted base which arises from the use of commutators, also 
called Pochhammcr contours. The Pochhammcr contours are crucial in the 
further investigation of the convolution in terms of Fuchsian systems (see the 
Theorem 1.2 below and Remark 6.3). Translating Theorem 1.1 into the lan- 
guage of perverse sheaves, one rediscovers Katz' original construction, see [12], 
5.1.7. 



In Section 6 we consider Problem (2): In [9], Appendix A, an additive version 
of Katz' functor is defined. It depends on a scalar (ieC and is denoted by mc M . 
By definition, mc M is nothing else then a transformation of tuples of matrices 

(ai,...,a r ) G (C" X T Mmc M (ai,...A) G {C mxm ) r . 

Any choice of elements t\,...,t r G C, together with a tuple of matrices 
a := (ai, . . . , a r ) E (C nxn ) r , yields a Fuchsian system 

i=i 

Then, mc M translates into a transformation of Fuchsian systems, sending D a to 
D mc ( a ). This transformation will be called the middle convolution of Fuchsian 
systems. The tuple of monodromy generators of D a will be denoted by Mon(D a ) 
(see Section 5.2). One obtains the following result, see Theorem 6.8: 



3 



Theorem 1.2 (Ricmann-Hilbert correspondence for MC\) Let /i g C\Z, A = 
c 2m ^ and a := (a u . . . , a r ), a, € C™ x ", such that Mon(L> a ) = (A u . . . , A r ) e 
GL„(C) r . Assume that 

rk(ai) = rk(Ai - 1), rk(ai H \- a r + fi) = rk(A ■ A x ■ ■ ■ A r - 1) 

and that (Ai, . . . , A r ) generates an irreducible subgroup of GL„(C) such that 
at ieast two elements A t arc ^ 1. Then 

Mon(D mCfj _ l(a) ) = MC X (Mon(D a )). 

Let JF a (resp. _ 1 m) denote the local system, formed by the solutions 

of D a (resp. Anc„_i(a))- Since Mon(L> a ) (resp. Mon(£> TOC(il(a) )) describes 
the monodromy of the local system T & (resp. ^ r mCfl _ 1 ( a )) (see Remark 5.3), 
Theorem 1.2 yields 

Thus we have obtained the Ricmann-Hilbert correspondence (Problem 2) under 
the assumptions of Theorem 1.2. These assumptions are rather mild and can 
be further weakened (see the remark following Theorem 6.8). 

The main idea of the proof of Theorem 1.2 is to use Eulcr transforma- 
tions, in order to construct a suitable period matrix describing the pair- 
ing between the homology and the de Rham cohomology with coefficients in 
(Pi(^a) ® q*(£x))\x( yo ), resp. (pf(JF a ) ® q*(£\)) v \x(y ), where X(y ) denotes 
the fibre of p2 : E — > X over xjq. The columns of 1^ are solutions of a Fuch- 
sian system D c ( a ) (called the convolution of D a with /u) such that the middle 
convolution £> mCfj ( a ) is a factor system of D c ( a ). The rows of I M have an inter- 
pretation in terms of crossed homomorphisms (already used in Section 4) which 
makes it possible to compute the monodromy of D Ctl (&) an d D mc ^( a y 

Finally, we give some applications of our methods (Section 7): From The- 
orem 1.2, one obtains an algorithm for the construction of Fuchsian systems 
corresponding to irreducible rigid local systems under the Riemann-Hilbert cor- 
respondence, see Section 7.1. As a byproduct, one obtains integral expressions 
for the solutions of these Fuchsian systems. Compare to the work of Haraoka 
and Yokoyama ([10], [21]) who use a different approach (in the case of semisimple 
monodromy) to obtain integral expression of such solutions. 

Then we apply Theorem 1.2 to the construction problem of differential sys- 
tems which arise from geometry: These are differential systems which arise from 
iterated extensions of subfactors of Gaufi-Manin connections (see Section 7.2 for 
the definition). These differential systems have many favorable properties. For 
example, under some additional assumptions (the connectivity of motivic Galois 
groups), such a system satisfies the Grothcndicck-Katz p-curvature conjecture 
which makes it possible to construct the Lie algebra of its differential Galois 
group from its p-curvatures, see Andre [3], Theorem 0.7.1. 

Using results of Andre [1], one obtains the following result (Theorem 7.1): 
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Theorem 1.3 Let K be a number field, a = (ai, . . . , a r ), <G j^nxn^ ^ g 
such that the conditions of Theorem 1.2 hold for D a . If D a is arising from 
geometry, then -D mCfl ( a ) is arising from geometry. 

This makes it possible to construct explicitly a large number of differential 
systems which arise from geometry. One could start from any differential system 
with finite monodromy (which automatically arises from geometry) and apply 
the convolution mc^, n. e Q, to it. In Section 7.2, we consider examples which 
are derived from Lame equations with finite monodromy, related to the work 
of Baldassari [4] and Beukers and van der Waall [5], [18]. This leads to new 
(non-rigid) examples of differential systems for which the Grothendieck-Katz 
p-curvature conjecture is true, see Corollary 7.11. See Katz [12], Chap. 9, 
for a proof of the Grothcndieck p-curvature conjecture for Fuchsian systems 
corresponding to irreducible rigid local systems. 

As another application, we investigate the effect of the convolution on the 
p-curvature (p a prime) of a Fuchsian system defined over Q. One obtains a 
simple formula for the computation of the p-curvature matrices (Lemma 7.8) 
and the following result, see Section 7.3 for definitions and Theorem 7.9: 

Theorem 1.4 Let K be a number field and p a prime of K lying over p. Let 
[i E Q and a — (ai, . . . , a r ), G K nxn , such that the p-curvature matrix a(p) of 
D a satisfies a(p) = 0. Then the p-curvature matrix mc^(a(p)) of the convoluted 
Fuchsian system D mc ^^ satishes mc^(a(p)) k+2 = 0. 

The crucial observation here is, that the convolution -D CtI (a) 1S a differential 
system in Okubo normal form (see Section 7.3 for definition). For these systems 
there exists a closed formula for the computation of the p-curvaturc matrices 
(Lemma 7.8). Theorem 1.4 is interesting in view of the Bombieri-Dwork conjec- 
ture which relates the nilpotence of the p-curvatures to the geometric nature of 
a differential equation, see Section 7.3. Also, information on the p-adic radius 
of solvability is encoded in the nilpotence degree of the p-curvatures, see [1], 
Chap. 4. 

The authors thank Y. Andre and D. Bertrand for valuable conversations and 
P. Delignc for suggesting the use of crossed homomorphisms for a geometric 
interpretation of MC\. 

The second author wants to thank the Department of Mathematics of the 
University of Paris 6 (Jussieu) - especially Y. Andre and D. Bertrand - and 
the department of Mathematics of the University Toulouse II (G.R.I.M.M.) - 
especially the group ALGO - for their hospitality. 

2 Definition and properties of the middle con- 
volution functor MC\ 

In this section, we recall the algebraic construction of the multiplicative version 
of the convolution functor defined in [9] . We actually consider a slight modifi- 



5 



cation of the multiplicative version of the convolution. This modification is just 
of formal nature and due to the topological setup used in the later sections. 

We will use the following notations and conventions throughout the paper: 
Let K be a field and G a group. The category of finite dimensional left-G- 
modules is denoted by Mod (if [G]). Mostly, we do not distinguish notationally 
between an element of Mod(K[G}) and its underlying vector space. Let V be 
an element Mod (K [G]) corresponding to a representation p : G — > GL(V) and 
W a K vector space such that one has a perfect pairing 

<,>: W x V -> K. 

Then W turns into a G-module, where g acts via the unique linear transforma- 
tion p v {g) such that < p v (g)w, p(g)v >—< w, v > for all w G W and all v G V. 
We refer to W as the dual module of V with respect to < , > and often denote it 
V v . If for g G G, the linear transformation p(g) is a given element A G GL(V), 
then we write A v e GL(W) for p v (g). 



2.1 Definition of MC\ 



Let F r denote the free group on r generators /i, . . . , f r - An element in Mod(if[F r ]) 
is viewed as a pair (A, V"), where V is a vector space over K and A = [A\, . . . , A r ) 
is an element of GL(V) r such that /, acts on V via Ai, i — 1, . . . , r. For (A, V) G 
Mod(K[F r ]), where A = (A\, . . . , A r ) G GL(V) r , and A G K x one can construct 
an element (Ga(A), V r ) G Mod{K[F r ]), C\(A) = (B 1 ,...,B r ) e GL(V r ) r , as 
follows: For k = 1, . . . ,r, maps a vector (vi, . . . , w r ) tr G V r to 



X(A ± - 1) 



1 

A(A fe _i - 1) XA k 



(A fc+ i - 1) 
1 



(A- - 1) 



o 



WesetG A (A) 
subspaces of V r : 



(Bi, . . . , B r ). There are the following (B\, . . . , B r ) -invariant 



6 



and 

Let K := 8[ =1 /C;. 
If A ^ 1, then 





kei(A k - 1) (Arth entry), k = 1, . . . , r, 




V o J 



C = <T k=1 ker{B k - 1) = kcr(5i ■■■B r -1). 



( A 2 ---A r v \ 
A 3 ■ ■ ■ A r v 



v e ker(A • A 1 ■ ■ ■ A r - 1)}. 



and 



V « 7 

K, + L = K®L. 



Definition 2.1 Let V = (A, V) e Mod(K[F r ]). 

i) We call the if [F r ]-modulc C X (V) := (C A (A), V r ) the convolution of V 
with A. 

ii) Let MCa(A) := (B u . . . , B r ) e GL(V r /{K, + C)) r , where B k is in- 
duced by the action of B k on V r /{K + £). The K [F r ]-modulc MCa(V) := 
(MC A (A),V7 (£ + £)) is called the middie convoiution of (Ai, . . . , A r ) with A. 

Remark: In [9] , we use the same construction, with the difference that the fc-th 
block row of B k is 

((Aj - 1), ... , [M-i - l),\A k ,\{A k+1 - 1), ... , X(A r - 1)). 



2.2 Properties of MC\ 

Let V — ► V be a morphism of F r - modules. This clearly induces a morphism 
C\{V) — > Ca(V')- Since the subspaces /C and £ of Ca(T^) arc mapped to 
their corresponding subspaces fC' and C of Cx(V') this induces a morphism 
MCa(V) — ► MCa(V)- The following proposition is easy to prove, compare to 
[9], Proposition 2.6 and Lemma 2.8: 

Proposition 2.2 Let A G K x . Tie transformation V MCa(V) (rasp. V 
Ca(^)J is a covariant, end-exact, functor ofMod(K[F r }) to itself. 
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Definition 2.3 Let V = (A, V) G Mod(K[F r }), where A = (A 1 , . . . , A r ) G 
G\j(V) t . We say that V satisfies (*) if 

P| ker(A; - 1) n ker(r,4 t - 1) = 0, i = 1, . . . , r, Vr G K x . 

Let Wi(r) := Y^j^i im ( A j ~ !) + im(T,4 t - 1), i = 1, . . . ,r, r G K x . We say 
that satisfies (**) if 

dim(Wi(r)) = dim(V), i = 1, . . . , r, Vt g K x . 

Remark: The conditions (*) and (**) say, that V has no 1-dimensional factors 
and/or sub-modules with the property that only one (or none) of the A4 act 
non-trivially. 

Theorem 2.4 Let V = (A, V) G Uod(K[F r ]), where A = (A 1 ,...,A r ) G 
GL(y) r and A G K x . 

i) HX^l, then 

r 

dim(MC x (V)) = M^k - 1) - (dim(V) - rk(A • A 1 . . . A r - 1)). 

k=l 

ii) If Ai, A2 G K x such that A1A2 = A and (*) and (**) hold for V, then 

MC X2 MC Xl (V) £* MC X (V). 

in) Under the assumptions of ii), ifV is irreducible, then MC\(V) is irre- 
ducible. 

iv) Let B r — (Q\, . . . , Q r -i) be the abstract Artin braid group, where the 
generators Qi, . . . , Q r _i of B r act in the following way on tuples (gi, . . . , g r ) G 
G r (where G is a group): 

(1) Qi(9i, ■■■,9r) = (91, ■ ■ ■,9t-i,9 l 9t+m 1 ,9t,9t+2, ■ ■ -,9r), i = l,...,r -1. 
For any Q G B r there exists a B G GL(V r /(IC + £)) such that 

MC X (Q(A)) = Q(MC X (A)) B , 
where B acts via component-wise conjugation. 

v) Let K = C, A G C be a root of unity and MC\(A) = (B u . . .,B r ). 
If (Ai, . . . , A r ) respects an hermitean form, then (B\, . . . , B r ) respects an her- 
mitean form. 

vi) Let the characteristic of K be different from 2 and MC_i (A) = (B\ ,B r ). 
If (Ai, . . . , A r ) respects an orthogonal (resp. symplectic) form, then (B\, . . . , B r ) 
respects a symplectic (resp. orthogonal) form. 



8 



Proof: i)-iv) follow analogously to [9], Lemma 2.7, Lemma A. 4, Theorem 3.5, 
Corollary 3.6 and Theorem 5.1 (in this order). The claims v) and vi) follow 
from Lemma 2.5 below. □ 



Remark: The Jordan canonical forms of Bk can be computed as in [12], Chap. 
6 (using [9], Lemma 4.1). 

Lemma 2.5 Let A = (Ai,...,A r ), A k G GL n (K), A G K x and C\(A) = 
(Bi, . . . , Bk). Let (5 he an invariant form under Ai, i.e. A\ r <5Ai = 0, i = 
1 , . . . , r. Then 

B%SiB k =Si,k=l,...,r, 

where 

Sii, i = G\ 1 ' 2 (A7 1 -l)(A i -\- 1 ) 

and 

f>ij = eX-^iAr 1 - l)(Aj - 1), if i < j, 
Siij - &\ 1 / 2 (Ar 1 - l)(Aj - 1), if i > j. 

3 The underlying fibration and its cohomology 

We fix a finite set T := {ti, . . . , t r } C C such that ti ^ tj for i ^ j, and set 
X := C\T. Let W be a topological space and I := [0,1]. A path in W is a 
continuous map 7 : I — ► W. If 71 , 72 are paths in W such that the endpoint of 
72 coincides with the initial point of 71, then their product is denoted by 7172- 
If 7 is a closed path in W with initial point wo, then 7 G tt\(W, wq) will also 
denote the corresponding homotopy class. 

3.1 The underlying fibration 

In this subsection we study a fibration whose cohomology will lead to the ge- 
ometric interpretation of C\ and MC\ in Subsection 4.3. The contents of this 
section are well known, compare to [6], Chap. 1, and [19]. 

For n G N, consider the configuration space 

O n := {P C C I \P\ = n} 
of subsets of C of cardinality equal to r. Let further 

O n ~{(p 1 ,...,p n )eC n \i^j^ Pi ^ Pj }. 

Since the map 

O n -> O n , (pi, . . . ,p„) h-> {pi, . . . ,p„}, 

is an unramified covering map (where O n is equipped with the obvious topol- 
ogy), we will consider B n := iri(O n , (61, . . . , b n j) as a subgroup of B n := iri(O n , 
{bi, ... , b n }) via covering theory. 
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It is well known that the fundamental group £>„ is isomorphic to the abstract 
Artin braid group, i.e., it has a presentation onn-1 generators Q\, . . . , Q n -\ 
subject to the braid relations 

QiQ 3 = QjQi if > 1, 

QiQi+iQi = Qi+iQiQi+i for i = l, ...,n — 2. 

The group B n is isomorphic to the (abstract) pure Artin braid group and gen- 
erated by the elements 

Qij ■= (Ql) Q ^-- Q ^ = (QU) Qj - 2 '-- Qi > 

where 1 < i < j < n. 

Let now n = r + 2. We set 7, := i = 1, . . . ,r + 1, and <5fc := 

Qk+i, r +2, k — 1, . . . ,r. Using the braid relations, one can easily see that for 
fc = 1, . . . , r, the following formula holds: 

(Si, ■ ■ ■ ,Sr+i) = (71, • ■ • ,lk-uir\l { ^ r+1 \ ■ ■ ■ ,7^' 7 " +l] ,7 r 7 ^ r+1 ) , 

where [7fe,7 r +i] = l^^lr+ilklr+i and Si = 47<V\ see also [6], 1.8.3, and 
[19]. 

Let T = {ii, ...,t r }CC,X:=C\Tand 

E := {{x, y)eC 2 \x,y^ti,i = l,...,r,x^y}. 

The second projection p 2 : E — > X is a locally trivial fibration. The fibre over 
y is denoted by X(y ) and is via the first projection identified with X \ {yo}. 
One has a commutative diagram 

E 
I 

Qr+2 

where p(pi, . . . ,p r+2 ) := (f>2, • • • ,2V+2) and the first (resp. second) vertical 
arrow is given by (x,y) i-> {x,t\, ■■■,t r ,y) (resp. y i-> (h, . . .,t r ,y)). 

The long exact sequences of homotopy groups, associated to locally trivial 
fibrations, lead then to a commutative diagram 

1 -> Tri{X(y ),x ) -» ^i(E, (xo, yo)) -> 7n(X,j/ ) -> 1 

1 - 7ri(^.,(a:o,ti,...,W)))) - # r+2 - -> 1 ' 

where B r + 2 = 7ri(<T+ 2 , (ar , *i, • • • , U, yo)), B r+1 = ir 1 (O r+1 , (h, . . . , t r , y )) 
and T r denotes the the fibre over (ti, ... ,t r ,y ). It is well known, that the rows 
are split exact sequences and the vertical arrows are injective, see [6]. Moreover, 



X 

I 

Qr+1 
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one can check that ir\(J- r , (xq, t\, . . . , t r , yo))) is generated by 71, . . . , "f r +i and 
that the image of tti(X, y ) in B r+1 is generated by Si, , . . . , S r . 

We define ot\, . . . , ov+i G tti (A'(yo), ^o) (resp. f3\,. . . ,/3 r G 7Ti(Af, 2/0)) to be 
the inverse images of 71, . . . , j r +i (resp. <5i, . . . , S r ) under the first (resp. third) 
vertical arrow. Thus one deduces that for k = 1, . . . , r the following formula 
holds: 

(^a u ...,^a r+1 ) = (a 1 ,...,a fc _ 1 ,ar + S4;r r+1 ^--,4 Qfc ^ +1 ^<;r +1 )- 
3.2 Group cohomology of the fibration 

If G is a group and p — > GIj(V) is a representation, then we define the cohomol- 
ogy ofG with values in the module V to be H\G, V) := C X (G, V)/B 1 (G, V), 
where 

C\G,V) := {(5 : G -> V) I <%<?') = %') + pig 1 )- 1 5(g), Vg,g' e G} 
is the vector space of crossed homomorphisms and 

^(G = {((5 : G — ► V) I 3« G V, 6(g) = v - P (g)- 1 v, V 3 G G} 
is the subspace of exact crossed homomorphisms. 

Let V be a tti(X, xo)-module, where «i acts via Ai G GL(T^), i = 1, . . . ,r. 
Let A G C, II := 7ri(Af (j/o), £0) = (oti, ■ ■ ■ , ce r +i), and V\ be the Il-module, 
whose underlying vectorspace is V and where ct\, . . . , ot r act via Ai G G~L(V) 
and a r+ i acts via A. The underlying representation is denoted by p\. 

Definition 3.1 The linear map 

r : C\U, V X ) - (Vxf, 5 (<S([a r+ i, ai]), . . . , <5(K+i, a,])) tr 
is called the twisted evaluation map. 

Lemma 3.2 If A 7^ 1, then the kernel of the twisted evaluation map r : 
G 1 (L T , Vx) — ► is i? 1 (II, Va). 

Proof: The crossed homomorphism relation implies 

<KK+i, ai]) = (1 - A" 1 )^) - (1 - i-^lar+i). 
So, if S([a r+ i, ai}) = for i = 1, . . . , r, then 

5(a0 = 1 _ 1 A _ 1 (1 - ^Mar+i), i = 1, . . . ,r. 
An easy induction shows that 

Sh) = T -^ T (l-px( 1 )- 1 )6(a r+1 ), 
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so d is exact. On the other hand, any vector in V\ occurs as <5(a r +i) for some 
S € C 1 (n, V\). Therefore, the claim follows from dimension reasons. □ 

Since 

(**«!,... = («i aM^r.ir 11 «i. at,aHil .^r) 

and p\(a r+ i) = A, the map which sends S to is contained in GL(C 1 (n, V*)). 

Thus, by Lemma 3. 2, the association 

0[5} := [Sop- 1 ] 

imposes the structure of a 7Ti(X, y )-module on if 1 (II, V\) an d, by the same 
arguments, on if 1 (II, V^). 

Consider the pairing 

{Vl) r xV^ -> C, ((w 1 ,...,W r ),(v 1 ,...,V r ) tT ) ^<W U V!> +■■■+ <w r ,v r > . 

Let C\(A) — (Bi, . . . ,B r ) and C\(V\) the tti(X, y )-module whose underlying 
vector space is V£, on which [3k acts via Bf,- Let further C\(V\) V denote the 
dual module with respect to the above pairing. 

Theorem 3.3 The linear map 

is an isomorphism of wi(X, y )-modules. 
Proof: It suffices to show that 

^(6)) = (S([^a r+1 ,^ ai },...,S([^a r+1 ,^a r ])) 
(2) = (d([a r+ i,ai],...,5([a r+ i,a r ]))oB k 

for all S G C 1 (II, F A V ) and k = 1, . . . , r; where the first and the last equality hold 
by definition. Equality (2) follows from an elementary but tedious computation, 
using the crossed homomorphism relation and the action of (3k on (a\, . . . , a r ). 

□ 

4 Convolution of local systems 

It is the aim of this section to give an interpretation of the multiplicative version 
of the convolution in terms of the cohomology of local systems on the punctured 
sphere. 
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4.1 Local systems 

Let W be a connected topological manifold. A (complex) local system of rank 
n on W is a sheaf T of complex vector spaces which is locally isomorphic to the 
constant sheaf C n . The category of local systems on W is denoted by LocSys(IT). 
It is closed under tensor product and taking duals. The dual local system of a 
local system T on W is denoted by T v . The stalk of T at w G W is denoted 
by T Wa . 

If 7 is a closed path in W starting at wq, then there exists a unique linear 
transformation Mon(7) such that the stalk 7*(^ r )i is canonically isomorphic to 
Mon(7) • 7*(J 7 ) . Composition of paths gives rise to the monodromy represen- 
tation (see [8]): 

Mon := Mon(jF) : 7Ti(W>o) -> GL^J. 
It is well known, that the functor 

LocSys(IT) -» Mod(C[in(W,w )]), T ^ T Wo 
is an equivalence of categories, see [8], Corollaire 1.4. 

4.2 The middle convolution functor MC\ for local systems 

Definition 4.1 Let 7 be a closed path in C x which has initial point xq and 
encircles once in counterclockwise direction, A G C x and 

X:7r 1 (C x ,a;o)^GL(C),7^A. 

The local system on C x corresponding to the (module associated to the) homo- 
morphism \ is called the Kummer sheaf associated to A and yo and is denoted 
by C\. 

Let ai,..., a r+ i (resp. f3\, . . . , (3 r ) be as in the previous subsections and T 
be the local system associated to the representation 

p : tti(X,xo) -> GL(V), Qj i-> Ai, i = 1, . . . ,r. 

For A G C, let C A (A) = (5i, . . . , B r ) G GL(y r ) r and MC A (A) = (Si, . . . , B r ) G 
GL(V/(/C + £)) r . We define C\(T) to be the local system associated to 

tti(X, 10) -» GL(F r ), ft Bj, i = 1, . . . , r. 

Similarly, let MC\(T) be the local system associated to 

7ri(X,a;o)-»GL(V7(£ + £)), fti-Bi, t = l,...,r. 

Proposition 4.2 The iocai system C\(T), resp. MC\(T), is canonically iso- 
morphic to the local system corresponding to the representation 

ni(X,x ) —>■ GL(V), oiii-> Bi,i = l,...,r, 

resp. 

■ki(X,x ) -> GL(V), Qfj Bi, i = 1, . . . ,r. 
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Proof: There exists, up to homotopy, a unique path 7 in X with initial point 
yo and endpoint £0 such that /3, = 7~ 1 ai7 for i = 1, . . . , r. This path induces 
canonical isomorphisms 

c \{F)\y -> C A (.F) L, 

resp. 

MC A (^)L^MC A (^)U , 
which are compatible with the induced isomorphism of fundamental groups 

ni{X,y ) -> 7Ti(^,a;o), A >-> ai = 70^7^ 

and the action of the two fundamental groups on their respective fibers. □ 
In view of Proposition 2.2 one obtains covariant, end-exact, functors 

C A : LocSyspf) -> LocSys(Jf), T ^ C\{F) 

and 

MC X : LocSys(X) -» LocSys(X), J" MC x {F)- 

Moreover, all the properties of MC\, as given in Theorem 2.4, immediately 
translate into the language of local systems. 

The following definition is justified by the results of the next subsection: 

Definition 4.3 The local system C\{F) (resp. MC\{T)) is called the convo- 
lution (resp. middle convolution) of T with C\. 

4.3 Cohomological interpretation of MC\ 

Let S a sheaf of complex vector spaces on W. An i-cochain ip is a map which 
associates to any i-chain cr : A* — > W an element VK* 7 ) €E C. The set of i-cochains 
is denoted by C l (W). Consider the (injective and torsionless, see [20]) resolution 
of the constant sheaf C on W via cochains 

-► C -> C°(W) -» C 1 ^) -> C 2 (^) -► . . . 

and let H*(W,S) := H l {T(C* ® 5)). 

Let p : Wi — > W2 be a continuous map of topological spaces and S a sheaf 
on W\ . The sheaf associated to the presheaf 

U^Su := H'ip^iU^Slu) (17 open in W 2 ) 

is denoted by R l p t (S) (it is well known that R l p* can be viewed as the i-th 
higher direct image functor of p*). 

Let 

E = {{x, y) G C 2 I x, y ^ U, i = 1, . . . , r, x ^ y}, 
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Pi : E — > X, i = 1, 2, be the i-th projection, 

<? : E -> C x , (x,y) i-> y - a;, 

j : £ -> P^C) x X the tautological inclusion and p 2 ^'(CjxI^X the 
(second) projection onto X. 

Theorem 4.4 Let F be a local system on X, A G C x \ 1 and £ A the Kummer 
sheaf associated to A. Then 

mc a (.f) s R 1 (p2UMpm <8>«*(r A ))). 

Proof: Let J 7 be the local system associated to a representation 

7Ti (X, x ) -> GL(V), a, >->■ Aj, i = 1, . . . , r, 

where on is as in Section 4.1. Let := p^^ 7 ) ® <7*(£a) and the restriction 
of Q to X(yo) (thus £?j, corresponds to the II- module V\ of the last section). 
Let ip G C 1 (X(j/ ), Qy„) be a closed cochain and u\, cr 2 closed paths in X(yo), 
based at xo- By definition, 

^(ctiO"2)|o = "0(o"2)|o + Mon(cr 2 ) _ V(o'i)|o- 

This induces an isomorphism 

H : H\X(y Q ), ^ ) - ^(H, V^ v ), [V] ~ [(a ~ ^(a)| )]. 

Since p 2 : E — > X is a locally trivial fibration, i? 1 (p 2 )*(^ v ) is a local system. 
By construction, the monodromy action of (3k S ni(X,y ) on i? 1 (p 2 )*(^ v )|j /0 = 
H 1 (X(y ), Q yo ) is the one which is induced by sending en to 13 >* on. This yields a 
canonical isomorphism of tti(X, y )-modules between H 1 (X(y ), Qy Q ) and if 1 (II, 
V^). Thus, by Theorem 3.3, one has a canonical isomorphism 

(3) i? 1 ( P2 )*(a v )-C A (^) v . 

Consider the following subspaces of (V^) r = C\(TY\ Va : 

V,:= (im^)- 1 -!),..-,^^)- 1 -!)) 

and 

V 2 : = {(w u w 2 ,...,w r ) 6 (F A v r | 

r-l 

(^((A i+1 • • • A r ) v )" V) + «, r e im(K • • • Kr 1 ^ - !)}• 

One can easily check that V\ (~l V 2 < (V^) 7 " is the 7Ti(X, y )- s ubmodulc which 
corresponds to MC\(Ty . 
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The image of the cohomology with compact supports H^(X(yo), Qy ) in 
H 1 (X(y n ), Qy o ) is mapped under t o H isomorphically onto V\ fl Vi. This can 
be seen using similar arguments as Shimura [17], Chap. 8, or by writing on as 
the product 7 l ~ 1 7t7» (where 7$ is a path which starts at xq and goes near to 
the singularity t,, and moves along a small circle around U) and using the 
compact supports condition at t\, . . . ,tk and 00. The image of H\ (X(yo), Qy Q ) 
in H 1 (X (y ) , Qy Q ) is canonically isomorphic to H 1 (j^(Qy o )) (see [15], Lemma 
5.3). Therefore, 

Finally, the Poincare pairing yields an isomorphism 

(see e.g. [15], Lemma 5.3). □ 

Remark 4.5 i) The resolution via singular cochains allows one to use ground 
fields different from C as coefficients of cohomology. One could even work in 
the category of local systems over principal ideal domains, see [20] . 



5 The middle convolution transformation mc M of 
Fuchsian systems 

5.1 Definition of mc M for tuples of matrices 

In this section we recall the additive convolution as given in [9], App. A. 

Let K be any field and a = (a\, . . . , a r ), G x nxn . For fi e K one can 
define blockmatrices k = 1, . . . , r, as follows: 



/ 



\ 



Q-i ■ ■ ■ a>k-i o-k + A* flfc+i • • ■ a r 



V 



G K r 



J 



where bk is zero outside the fc-th block row. 



There are the following left-(&i, . . . , 6 r )-invariant subspaces of the column 
vector space K nr (with the tautological action of (61, . . . , b r ))\ 



16 



and 

Let I : ®l =1 t k - 
If n ^ then 



/ N 

o 

ker(a fc ) 




(fc-th entry), k = 1, . . . , r, 



i = n£ =1 ker(& fe ) = kcr(fei + . . . + b r ). 



( « 



w £ ker(ai + • • • + a r + /u)}. 



and 



e + 1 = t e i. 

We fix an isomorphism I between K nr / (t + 1) and K m . 



Definition 5.1 We call c M (a) := (&i, . . . , 6 r ) the (additive version of the) con- 
volution of a = (oi, . . . , a r ) with /u. The tuple of matrices mc^ := (b\, . . . , b r ) e 
K mxm , where &, is induced by the action of b{ on K m (~ K nr / (6 + [)), is called 
the (additive version of the) middle convolution of a with fi. 



5.2 The definition of mc M for Fuchsian systems and mon- 
odromy of differential systems 

Let T := {ii, . . .,t r }, X := C\T and c := (ci, . . . ,c r ), c, G C fexfe . The Fuchsian 
system 

1=1 

is denoted by D c . 

Definition 5.2 Let a := (ai, . . . , a r ), a* G C" x ™, and /ieC. The Fuchsian sys- 
tem D c (resp. D mc ( a )) is called the convolution (resp. middle convolution) 
of D a with /U. 

Let 71, . . . , 7r+i be a homotopy base of tti(X, o), D a linear system of differ- 
ential equations which has no singularities in X and F a fundamental system 
of D, consisting of functions which are defined in a small neighborhood of o. 
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Analytic continuation of F along 7$ transforms F into F ■ Mon(7j). We call the 
tuple 

Mon(D) := (Mon(7i), . . . ,Mon(7 r )) 
the tuple of monodromy generators of D with respect to F and 71, . . . ,7 r . 

Remark 5.3 i) An element 7, 6 wi(X,o) acts (via Mon(7j)) from the right on 
the vector space S spanned by the rows of the fundamental system F of D. Let 
T denote the local system T formed by the solutions of D (locally at o given 
by the columns of F) and fix the isomorphism 

F ^C n ,fi(o)~e k , 

where denotes the i-th column of F and is the k-th standard vector of 
C™. Then the monodromy of T with respect to 7 is given by the same matrix 
Mon(7i) acting from the left on Tq ~ C". 

ii) As a factor system of D c the middle convolution -D mC(J ( a )j mc M (a) G 
(C mxm ) r , can be constructed by a base change, transforming a basis of t + [ to 
the first nr — m standard vectors, and cutting out the m x m-block matrices 
corresponding to the last m entries. The same construction applies for a funda- 
mental matrix of D c ( a y We say that a matrix whose columns are solutions of 
D c (a) ( n °t necessarily a fundamental matrix of D c ( a )) gives rise to a funda- 
mental matrix of £* mC(J (a)7 if the resulting matrix under the above construction 
of transforming and cutting out is a fundamental matrix of -D mCfl ( a )- 

6 Compatibility of MC\ and mc M 

In this section we relate the additive version of the convolution to the multi- 
plicative version (Subsection 6.2). 

6.1 The Euler transform 

A commutator 

[o!i,Q!j] = oe i 1 ctj 1 a.iOtj 

is called a Pochhammcr contour. Pochhammer contours are widely used in the 
theory of ordinary differential equations, see [11], [14] and [22]. 

Definition 6.1 Let \i e C, g := (gij) be a matrix whose entries gtj are (multi- 
valued) functions which are holomorphic on X. The path a r+ i encircles an open 
neighbourhood U of yo- The matrix valued function 

J k P+1 ,a ( ](0)(») : = / 9(x)(y - xY^dx, y e U, 

J[a r+1 ,ai] 

is called the Euler transform of g with respect to [a r +i, on] and \i. 
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The next lemma shows that the Euler transformation is compatible with the 
convolution: 

Lemma 6.2 Let a := (ai, . . . ,a r ), dj G C" x ", and u.\, H2 G C. If g(x) is a 
solution of D C(ji ( a ), then 1^ a .j{g){y) is a solution for £> C(n+(J2 ( a ), where y is 
contained in an open neighborhood of y which is encircled by a r+ \. 

Proof: In the following, we omit the subscript [a r +i, a*] at the integral sign. 
For y G U, 

d(ir ,(9)) r d 

(y-T) { = { y-T)j^g(x)(y-xr^dx 

= J((y-x) + (x- T)){±g{x){y - xf^dx 

(4) = (M2-i)/f a 2 r+1 , ai] (5)(y) 

+ (P2 - 1) J(x - T)g(x)(y - x^dx, 

where one is allowed to differentiate under the integration sign since [a r +i,aj] 
is compact. One has 



(5) 



= J ■^({x-T)g{x)(y-x)'»- 1 )dx 
= J g{x){y - xY 2 ~ 1 dx + 

J(x- T)g'(x)(y - xf^dx - 

(/i 2 - 1) J(x - T)g(x)(y - xf^dx. 



Therefore 



(/i 2 -l) j \x-T)g(x){y-xY*- 2 dx = J g{x){y - x)^~ l dx + 

J {x-^g'ix^y-xY^dx. 

Using the last equality one sees that 
(5) = ( M2 -l)/£ r+iai] ( 5 ) + /^^ 

= d2bk)l^ r+uai] (g)(y), 
fe=i 

where c M1+M2 (a) = (61, . . . ,b r ) (use that g is a solution of c lll (D 8L j). □ 
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Remark 6.3 The use of Pochhammer contours is an essential ingredicnce in 
the proof of the above lemma (see Formula (5)). 



In the following, F denotes a fundamental system of a Fuchsian system D a 
and 

G{x) := : 

V Fix^x-U)- 1 
The next results will be used in the proof of Theorem 6.8: 

Lemma 6.4 i) The columns of G are solutions of D C l / a y 

U ) ^^(G) = ^( G )(! - e 2 ^) - ^ +1 ( G )(! - Mon(ai)). 

Proof: The first assertion follows from a straightforward computation. The 
second assertion follows from the definition of [a r +i, on], using the effect of the 
monodromy on the integrand, see [11], Chap. 18. □ 

Corollary 6.5 i) If \x is a positive integer, then 

It ,(G)=0. 
ii) If u, = or a negative integer, then 

I^^iG) = ^G^)( y )(-l + MonM). 

Proof: The claims follow from the above lemma and Cauchy's integral formula. 

□ 



Lemma 6.6 Let Y' = T~t^ DC a Fuchsian system with a nontrivial mon- 
odromy group and fi Z. Then there exits an i and a solution f(x) such that 



/(2;) (y - xY^dx ± 0. 



a r+ i,a 4 ] x 

Proof: We can assume that we have nontrivial monodromy at t\ — 0. If the 
monodromy is not unipotent then we can find an entry 

oo 

g (x) = x a x J a(j), a^Z, a(0) ^ 
j=o 

of a solution f(x) near t\. Then 

L^ = E^ / ^{y-xY-Hx. 
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Using similar arguments as in [22], Chap. IV, one can prove that 

f x a+1 {y- X y- l dx = y a+1+ "(i{a + i,a) 1 

J [a r+ i,ai] 

where /3(a + i, fx) ^ 0, if a + i, n g" Z. 

In the case of nontrivial unipotent monodromy at t\ = 0, there exists a 
solution which has an entry g(x) = ho(x) + \og(x)hi(x) near 0, where ho, hi are 
meromorphic at and hi ^ (see [11], 16.3). The claim follows now from an 
easy exercise, using integration by parts, Lemma 6.4 and Corollary 6.5. □ 



6.2 The Riemann-Hilbert correspondence for MC\ 

In the notation of the preceding sections. Let a := (a x , . . . , a r ), a; G C™ x ". Let 
F be a fundamental matrix of the Fuchsian system D a : Y' = ^ -^tfY and 



F(x){x-ti)- x 



F(x)(x-t r )~ 1 
Definition 6.7 Let ji e C. The matrix 

J" := J"(y) := (/^^(G)^), ■ ■ ■ - ^ r+1 ,« r] (G)(y)) 
is called the period matrix. 

Remark: It follows from the definitions that if the period matrix 1^ is invert- 
ible, then it describes the pairing between Hi(X(y ), Q yo ) and Hp R (X(y ),Gy ), 
where X(y ) and Q are as in the proof of Theorem 4.4. In the next theorem we 
will give criteria for 1^ to be invertible, i.e., the rows of I^(yo) exhibit a base of 

In a similar way as described in Yoshida [22], Chap, iv, it can be shown 
that the matrix S) which occurs in Lemma 2.5 has a natural interpretation as 
an intersection matrix of ("loaded") cycles c € Hi(X(yo),Q yo ). 

The next theorem shows the relation between the additive and multiplicative 
versions of the convolution: 



Theorem 6.8 Let a := (ai, . . . , a r ), a, e C nx ™, Mon(£> a ) = (A 1 ,...,A r ) G 
GL„(C) r its tuple of monodromy generators, /x G C \ Z and A := e 27rv . If the 
generated subgroup (Ai, . . . , A r ) is an irreducible subgroup of GL„(C) and if at 
least two elements of A ^ 1, then the following statements hold: 

i) The columns of the period matrix I^(y) are solutions of £> Cf ._i(a); where 
y is contained in a small open neighbourhood U ofyo- 
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ii) For Vi G kcr(Ai — 1), i = 1, . . . , r, (resp. v G ker(Ai • • • A r \ — 1)) assume 
that the residues of G(x)vi at U (resp. the residues of x ll ~ 1 G(x)v at oo) is 
not identically zero. Then the period matrix I^(y), y G U, is a fundamental 
matrix of D c ± ( a y Further, the tuple of monodromy generators of D c ± ^ 
with respect to I^{y) and the paths (3i, . . . , (3 r is C\(Mon(D a )), i.e., 

Mon(D CM _ l(a) ) = C A (Mon(D a )). 

in) Assume that 

rk(aj) = rk(Ai — 1) and rk(ai + • • • + a r + n) = rk(A • A\ ■ ■ ■ A r — 1). 

The matrix I ti (y) gives rise to a fundamental matrix I^(y), y G U, of the sys- 
tem D rnc _i(a) ( see Remark 5.3, ii)). The tuple of monodromy generators of 
D mc with respect to I fJ -(y) and the paths /3\, . . . ,(3 r is MC\(Mon(D a )), 

i.e., 

Mon(D mCp _ l(a) ) = MC A (Mon(D a )). 

Remark 6.9 a) It follows from the proof that one can weaken the assumptions 
of Theorem 6.8 such that tuple (A\, . . . , A r ) fulfills the conditions (*) and (**) 
of Subsection 2.2 instead of the irrcducibility and non-triviality condition on 
A 1 ,...,A r . 

b) In Theorem 6.8, iii), if rk(<Zj) > rk(Aj — 1) then the differential system, 
which corresponds to (the local system corresponding to) MC\(Ai, . . . , A r ) is 
a factor system of D mc ( a y 

Proof of i): This follows from Lemma 6.2 and Lemma 6.4 i). □ 

Proof of ii): Let V\ denote the TTi(X\{y }, xo)-module whose underlying vector 
space is the column vector space C™ on which on acts via Ai (1 < i < r) and 
ot r+ i acts via A. Let C„ denote the space of row vectors and the dual module 
of V\ with respect to C„ x C" — > C, (w, v) i— > w ■ v. Let F^ denote the j-th row 
of F and 

Sij :^(X\{y }^o)^^ v , 7 ^ / F^y - x)^ 1 — -. 

By the properties of the integral, Sij is an element in C 1 (ni(X \ {yo}, xq), V^). 
It follows that the rows of I ti (yo) are exactly the images of the crossed homo- 
morphisms 5ij under the twisted evaluation map. By the definition of i a 
analytic continuation of I^(y) along the path j3k transforms I? i a AG) into 
Ifka +i "fca-]^) - ^ follows then from Theorem 3.3 (Formula (2)), that the ma- 
trix which describes this transformation is the matrix Bk, where 

C x {A u ...,A r ) = {B u ...,B r ). 

In order to prove ii), it remains to prove that the columns of I IJ '(y) form a 
fundamental set of solutions. This follows from the Lemmata below: 
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Consider the vector space of solutions J := I^{y) ■ C nr , with y in a small 
neighborhood of y . Let further /C,, JC and C be as in Subsection 2.1 and /C, := 
• £i, £ := /"(i,) • K and £ := f%) . £. 

Lemma 6.10 The kernel of the map 

I" : C nr - J, . . . , « r ) tr - /"(!,) ■(«!,..., « r ) tr 
is a (Sfc : k = 1, . . . , r)-module. 

Proof: If I»v = 0, then = 0. □ 

If G = (gi,j(t)) is a vector valued function which is componentwise mero- 
morphic a tk, then Res tfc (G) denotes the vector of residues (Res tfc (<7i,j (£)))• 

Lemma 6.11 Let /i ^ Z. Then the functions in JCi (resp. C) have at most a 
singularity at ti (resp. oo). Moreover, 
i) 

/Q = (Res ti (G(x)v)(y - U)^ 1 \ v e kcr(A, - 1)) 

for i = 1, . . . , r. 

£ = (Res oc (x^- 1 G(a;)w) | v G ker(Ai • • • A r A - 1)) 
Proof: i) One has 

& = = /f ar+iai] (G(o ; ))ker(A j -l) 

= ^(G(x))ker(A,-l) 

by Lemma 6.4. The claim follows from Cauchy's integral formula since G(x)v 
(as matrix valued function in x) is meromorphic at t% for v G ker(A, — 1). 
ii) Using Lemma 6.4 one easily sees that 

^ = I[ ar+uaoe] (G{x))ier(A 1 .--A T X-l), 

where = ct\ ■ ■ ■ a r+ \. Using the same arguments as in i) the claim follows. 

□ 

Corollary 6.12 One has 

t + t= ®iti 8 £ 

as a left- (B i, . . . , B r ) -module. 

Lemma 6.13 If the conditions (*) and(**) of Subsection 2.2 hold for Mon(L\) = 
(Ai, . . . , A r ), then 

ker(/") < K + £. 
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Proof: Assume that ker(J^) % K + C. Let O < Vi < . . . < V k = V\ be a 
composition series of V\ (as a module). Let further V[ be the corresponding 
(diagonal) subspace of V£ = C nr and Vj := V[ + K. + C mod K. + C. It follows 
from Theorem 2.4, hi), and [9], Lemma 2.8, that O <Vi < ... <V k = V£/(1C + 
C) is a composition series of V£/(JC+£) (as (Si, . . . , £? r )-module). Since kcr^) 
is a (B\, . . . , £? r )-module, there exists a (Ai, . . . , A r )-module W <V\ such that 
VL r + K, + C < ker(/ M ) + K. + C. We assume that W is minimal and nontrivial. 
By minimality, (*) and (**) also hold for W, see [9], proof of Corollary 3.6. 
Property (**) for W implies that 

( \ 



(6) 



I»{y)(B i -l)W r = I' i (v) 



W 



V o J 



( i-th entry). 



By assumption on W, one has 

/ Wi 



(Yl 9k) + 9c 



\ W r 



fe=l 



where w\, . . . , w r G W and gi G /Q (resp. #00 G £), by Lemma 6.11. Using the 
monodromy around U we get 

/ Wi 



V 



(Y 5fe ) +g °° + Xgi - 



Subtracting theses equalities one obtains I fi (y)(B i — l)W r < K-i and (together 
with Equation (6)) 

/ \ 



J"(l/)(Si- 1)W =/"(!/) 



V y 



</Ci. 



Using the description of /Q in terms of functions, one sees that for j 
1,- --,r, j ^ i, 



nv){Bi 1) 



/ \ 



W 



V J 



= nv) 



( \ 



(A t - l)W 



V J 



= 0, 
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where the expression on the right hand side of the first equality is zero outside 
the j-th block entry. Similarly one obtains 



I»{v){Bi - A) 



/ \ 



w 



V o J 



( 



o 



\ 



V 



o 



0. 



/ 



Since (**) holds for W, a block-wise argument shows that 

(7) W r < ker(J"). 

On the other hand, since n[ =1 ker(A,|vi/ — 1) = (Property (*)), we can find 
an i £ {1, . . . , r} and a solution / in F ■ W (where F is a fundamental system 
of D a ), such that / has nontrivial monodromy at U. The Euler transform 



jfi (( 

■9-- [ ar+1 , ai ]U x _ ti >--->-^ZT tr . 



NtrN 



is a solution of D c ( a y Lemma 6.6 implies then that g is not identically zero. 
This gives a contradiction to Equation (7), so W — and the claim follows. □ 

Finish of the proof of ii): It follows from the assumptions on the residues and 
Lemmata 6.11 and 6.12 that dim(/C) = dim(/C) and dim(£) = dim(£). It follows 
then from Lemma 6.13 that the columns of I^iy) are linearly independent. □ 

Proof of iii): This follows from dimension reasons (using the rank-conditions) 
and Lemma 6.13. □ 



7 Applications of the convolution functors MC\ 

and mc^ 

7.1 Rigid local systems and Fuchsian systems 

In this subsection we want to outline a construction algorithm for Fuchsian sys- 
tems corresponding to irreducible rigid local systems under the Riemann-Hilbert 
correspondence. 

For ft = (u)\, . . . ,oj r ) E (K x ) r 7 the scalar multiplication with £1 

GL n (K) r - GL n (K) r , (A u ...,A r )~ (^A,, . . .,u; r A r ) 

is denoted by Mq. The corresponding effect on local systems on the r-punctured 
affine line is also denoted by Mq. Similarly for A = (S\, . . . , 5 r ) £ K r , the scalar 
addition with A 

(K nxn ) r -> (K nxn ) r , (a 1 ,...,a r )~(a 1 +5 1 -l,...,a r + 5 r -l) 
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is denoted by m& . The corresponding effect on Fuchsian systems is also denoted 
by m-A- 

Let T be a complex irreducible (physically) rigid local system. By the results 
of [12], Chap. 6, and [9], Chap. 4, one can construct T by applying iteratively 
a suitable sequence of scalar multiplications Mq; (see [9], Chap. 4) and middle 
convolutions MC\ j to a one-dimensional local system Tq. 

It is easy to write down a Fuchsian system 

D aP :Y' = {-^- + ... + -^-)Y, a°eC, 

whose solutions form the local system T§. This system is irreducible and rigid, 
and we (can) assume that it fulfills the assumptions of Theorem 6.8 iii) (i.e., 
if a° G Z then a° = 0, and there exist at least two elements a° , a° 2 such that 
a° , a° ^ Z). It follows now from Theorem 6.8 iii) that there exists a sequence 
of scalar additions 

m A i, A i = Si), such that (e 2 ^, . . . , e 2 ™ 5 -) = n\ 

and middle convolutions 

such that the iterative application of this sequence to D a o yields an irreducible 
Fuchsian system D whose monodromy coincides with the monodromy of T. The 
only thing one has to take care of, is to choose the scalar additions (modulo Z) 
that the rank condition of Theorem 6.8 iii) is fulfilled. This is possible in every 
step by the following argument: 

It is shown in [9], Chap. 4, resp. Appendix A, that, in the irreducible case, 
the index of rigidity is preserved by MC\, resp. mc M (which is equal to 2 in both, 
the additive and the multiplicative, cases). By the compatibility between MC\ 
and mc M (dimension reasons), one can see that if two eigenvalues of a matrix 
which occurs as a component in one step of the above "additive" construction 
differ by an element of Z, then they correspond to a certain Jordan block of 
length > 1 in a matrix which occurs in the "multiplicative" construction, in a 
way that the rank condition of Theorem 6.8 iii) is fulfilled. 

By the construction of mc^, it clear that everything can be done in an algo- 
rithmic way and is easily implemented on the computer. Moreover, one obtains 
the sections of the local system T in a concrete way as iterated integrals, com- 
pare to [10] and [21]. 

Remark: By Crawley-Boevey's solution of the additive Deligne-Simpson prob- 
lem (see [7] ) the rigid tuples of complex matrices having sum = are known and, 
by the additive Katz' existence algorithm (see [9], Appendix A), these tuples 
can be constructed similar to the above construction. 

But in general, it is a difficult problem to decide when the associated Fuch- 
sian system is irreducible, i.e., the associated local system of solutions is an 
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irreducible rigid local system. The point is, that in the above construction, the 
irreduciblity is ensured by Theorem 6.8 iii), using the fact that (under the given 
assumptions) the functors MC\ j preserve irreduciblity, see Theorem 2.4, iii). 

7.2 Geometric differential equations 

Let X be a smooth and geometrically connected algebraic variety over an alge- 
braically closed field K C C, / : Y — > X a smooth projective morphism and d 
the universal differential Y —> ft Y - The Gaufi-Manin connection on relative de 
Rham cohomology groups H^(Y/ X) := -R 4 /P R (0y , d) gives rise to a system 
of differential equations (see [1] for details). A differential system is said to be 
arising from geometry if it is equivalent to an iterated extension of subfactors 
of such differential systems (see [1], Chap. II). 

Theorem 7.1 Let K be a number Geld, a = (oi, . . . , a r ), a* G Jf' ixn , /j, G Q, 
such that the conditions of Theorem 6.8 hold for D a . If D a is arising from 
geometry, then £> C(i (a) (resp. D mCfi ^) is arising from geometry. 

Proof: The claim follows from the construction of the period matrix and the 
result of Andre [1], saying that the category of differential modules which arise 
from geometry is closed under taking higher direct images. □ 

Let us consider an example: 
Lemma 7.2 Let 

p(x) = 4(x - ti)(.x - t 2 )(x - t 3 ) = 4x 3 - g 2 x - g 3 , 

B eC and 

L n := L n {p, B) := p{x)y" + -p'{x)y' - (n(n + l)x + B)y 

the Lame differential equation of index n G Q. Then, L n can be transformed 
into the Fuchsian system 



Y' = 

1=1 



1 ( 1 \ 1 /' I) I) \ I ( 

\ J x-t 2 \h ~\ 



y x - t\ \ | J x — t2\h —\ J x - t 3 \ h 

where 



Y, 



t 2 n(n + l) + B , n(n+l) 
l i = — 777 h — and h+h = - A — A -. 
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Proof: The differential system which corresponds to L n is 
, / 1 \ 

Y — I n(n+l)x+B 1 p'(x) I Y. 

V p(x) 2 p(x) I 



1 

o x-h 



Y we get the equivalent 



Using the gauge transformation Y <- 
system 

v ( 1 / o 1 \ / o \^ 

^ = r In 1 + "(n±l)x+g 1 V 3 1 j 

y^a; - ti V u 2 J \ 4( x -t 2 )(x-t 3 ) 3 z^= 2 — y y 

Since 

n(n + l)a; + B i 2 n(n+l) + B / 3 n(n + 1) + B 



Y. 



A{x-t 2 ){x-t 5 ) ±{x-t 2 ){t 2 -t 3 ) i(x-t 3 )(t 2 -t 3 y 

the claim follows. □ 



Definition 7.3 We say that a system of differential equations D is in Okubo 
normal form, if 

D : Y' = (x - T^bY or, equivalently, D : (x - T)Y' = bY, 

where b G £ nxn an d T is a diagonal matrix T = diag(ii, . . . , t n ), ti G C (here 
possibly ti — tj for i ^ j). 

Lemma 7.4 Let r > 3, u, G C\Z and a := (a\, . . . , a r ), ai G C 2x2 , where 
ai,a 2 , a 3 are as in the previous lemma. If rk(cii) — 2 for i > 3, and if —\i is no 
eigenvalue ofa\ + --- + a r , then D mC(i ( a j is equivalent to the following differential 
system in Okubo form: 

D(L„,a, M ) : {x - T)Y' = (c + fi)Y 
where T = diag(ii, t 2l t 3l £4, £4, . . . , t r , t r ) and 
( 



1 1 1 
2l\ 1 ? ? 

^'1 "r 2 2 2 
-2/ 2 +2 _ 2 ~2 


(0,1)04 
(-2ii,l)04 
(-2/2,1)04 




(o,ik \ 

(-2/i,l)a r 
(-2/ 2 ,l)a r 


1 

1 11 

2 2 2 






a r 










1 

1 1 1 

2 2 2 


04 




a r 
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Proof: In the notation of Subsection 5.1. Let Co(a) = (61, . 
C 2rx2r . One has D CM ( a) :Y' = (x- T) _1 (6 + ^)Y", where 6 := 
Let 



Then 
SiaiBr 1 = 



So 



1 

-2/1 



,-B. 



3 •- 



61 
1 

-2l 2 



,b r ), where bi € 



and B 2 a 2 B 2 1 = B 3 a 3 B 3 1 = 



Consider the block-diagonalmatrix d := diag(f?i, -B2, B 3 , E 2 , ■ 
putes that 



, E 2 ). One com- 



SiaiBr 1 


B\a 2 B 2 1 


B\a^B z 1 


Bia4 


B\a r 


\ 


BaaiBr 1 


B 2 a 2 B~ x 


B 2 asB 3 


-B 2 a4 • 


B 2 a r 






B^B^ 1 


B 3 a 3 B^ 


B 3 a 4 . 


B^a r 






a 2 B 2 L 


a 3 B3 1 


a4 


a r 






a 2 B^ 


asBf 1 


a4 


a r 


) 



dbd- 1 = 



It is easily checked that conjugating 6 with d gives an equivalence between D c t a \ 
and Y' = (x - T) _1 (c + n)Y with c = dbd^ 1 . 

Under the assumptions, the space I < C 2r is zero. Since B^B^ 1 is diagonal, 
factoring out the space t corresponds to canceling the first, third and fifth row 
and column of c. This yields c. □ 

Baldassarri [4] gives examples of Lame equations with finite monodromy. 
E.g., it is shown that the monodromy group of L n (p(x),B), (n = 1, p(x) = 
4x 3 + .93, B = 0), is the symmetric group on 3 letters. Beukers and van der 
Waall [5] list all finite groups which can occur as the monodromy groups of Lame 
equations and they give many examples of such equations. Also, van der Waall 
[18] gives an algorithm to detect all Lame equations with finite monodromy 
group. One equation which can be found in [5], Table 4, is given by L n {p{x), B) 
(n = 1/6, p(x) = Ax 3 — x, B = 0), whose monodromy group is isomorphic to 
the complex reflection group G13. 

This yields a new family of differential systems arising from geometry: 

Corollary 7.5 Under the assumptions of Lemma 7.4. Let L n (p,B) a Lame 
equation which has finite monodromy (e.g., if n = 1, p(x) = 4x 3 + .93, B = 0, or 
n = 1/6, p(x) — 4x 3 — x, B = 0), a 4 , . . . , a r scaiar matrices contained in 
and /i£Q. Then the following holds: 

i) The differential system D(L n (p, B),a, u) is arising from geometry. 

ii) The solutions of D(L n (p, B), a, ji) are G-functions. 



1,2x2 



Proof: This follows from Theorem 7.1 and [1], Chap. V. 



□ 
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7.3 Transformation of the p-curvature under mc^ 

In this section, we want to study how the p-curvature changes under the convo- 
lution: 

Let if be a number field and D : Y' = aY, where a = (dij) E K(x) nxn . 
Successive application of differentiation yields differential systems 

D (n) . y (n) = ^y. 

In the following, p always denotes a prime of K which lies over p. For almost 
all primes p, one can reduce a(p) modulo p, in order to obtain the p-curvature 
matrices 

a(p) := a(p) mod p. 

The p-curvature matrices encode many arithmetic properties of the differential 
system D and are conjecturally related to questions about the geometric nature 
of D : 

Conjecture 7.6 i) (Grothcndicck-Katz, see [13], [2]) The Lie algebra of the 
differential Galois group of D is minimal to the property that, for almost all 
primes p of K, its reduction modulo p contains the p-curvature matrix a(p). 

ii) (Bombicri-Dwork, see [1]) If D is globally nilpotent, i.e., a(p) is nilpotent 
for almost all primes p, then D is arising from geometry. 

Remark: (i) The Grothendicck-Katz conjecture implies the p-curvature con- 
jecture of Grothendieck: If o(p) = for almost all p, then D has a fundamental 
set of solutions consisting of algebraic functions. 

(ii) It is well known that if D has a fundamental set of solutions consisting 
of algebraic functions, then a(p) = for almost all p. Also, if D is arising from 
geometry, then o(p) is nilpotent for almost all p. 

Remark 7.7 (Okubo) Let D : (x — T)Y' = bY be a system of differential 
equations in Okubo normal form. Then, (x — T)Y^> = (b — 1)Y' . 

An induction yields the following recursion formula for the p-curvature ma- 
trix of a system of differential equations in Okubo normal: 

Lemma 7.8 Let D : (x — T)Y' = bY be a system of differential equations in 
Okubo normal form. Then 

«M = (x-T)- 1 (b-n+l)-{x-T)- 1 (b-n + 2)---(x-T)- 1 (b-l)-(x-T)- 1 b. 
Theorem 7.9 Let a = (a!, . . . , o r ), a; t e K nxn , such that 

a(p) k = 0. 
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Let /i€Q and denote by c^(a(p)) (resp. mc t _ l (a(p)) ) the p-curvature matrix of 
D c„(a) (rcsp. £> TOC(j(a)/ ). 

i) Ifu. = -1, then CAJ (a(p)) fc+1 = and m Cf ,(a(p)) k+1 = 0. 

ii) If \i=^ and p does not divide niU2, then 



c f _ l - 1 (a(p)) k+A = and mc ([1 -i(a(p)) 



fc+2 



0. 



Proof: The convolution of Z) a is a differential system in Okubo normal form: 



D. 



where T is the diagonal matrix T = diag(ii, . . . , t\, . . . , t r , . . . , t r ) (every 
occurs n times) and bk is as in Section 5.1. If /i = —1 then (X)fc=i i s a 
blockmatrix 6 = with bij = aj — SijE n . 

Using the gauge transformations with (x — T) and 



H := 



( E n -E n 

'•• *•• 

V ... 



\ 



—E n 



one sees that £> c _i(a) is equivalent to the following system: 
/ ... ... 

Y' = 



\ 



Y. 



... ... 

\ "i ( ai i a-2 \ ( ai i i a r \ 

\ x-tx Vx-ti ~ x-t 2 I ' ' ' \x-t\ ~ ~ x-t T ) / 

Thus c_i(a(p)) is equivalent to 

/ \ 





\ * * * a(p) J 

It follows from a(p) k = that c_i(a(p)) fc+1 = and i) follows. 

Let fi G N + be the smallest natural number such that fi = /U mod p and 
boo '■= b\ + ■ ■ ■ + b r — n, where c M (a) = (b±, . . . , b r ). Let further 

h! := (x - T)" 1 ^ • (x - T)- 1 ^ + 1) • • • (x - T)~ 1 (6 00 - 1 + A) 

and 



^ 2 := (a; - T)" 1 ^ + /}) • (a; - T)" 1 ^ +/t+l)---(x- T) _1 (6 oc - 1 + p). 
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Then c jU _i(a(p)) = h 2 h\ mod p and c_i(a(p)) = (/11/12 mod p) by the above 
recursion formula (Lemma 7.8). It follows from 

C _ 1 (a(p)) fe+1 = ((h 1 h 2 ) k+1 modp) = 0, 

that 

c M _ 1 ( a (p)) fe + 2 = ((h 2 h 1 ) k + 2 mod p) = 0, 
giving ii). □ 

Corollary 7.10 Let a = (oi, . . . , a r ), di e x nxn , such that D a is a globally 
nilpotcnt and /Li G Q. Then ^c M (a) f^esp. D mc ^) is globally nilpotent. 

Lemma 7.11 Let D(L n (p(x), B), a, /i) be as in Corollary 7.5. 

i) The Grothendieck-Katz conjecture is true for D(L n , a, /u). 

ii,) The system D(L n , a, /u) is globally nilpotent of rank 3. 

Proof: i) In the notation of Section 4. Let G be the monodromy group of D a . 
Let X = C\T (remember that t\, t 2 , £3 are determined by L n ), X\ —> X be the 
unramified cover of X which is associated to the homomorphism tti(X) — > G < 
GL 2 (C) and X 2 the cyclic cover of C x which is associated to7ri(C x )^C x ,7H^ 
e 27rv . Let Yi := Xi x x £, F 2 := X 2 x C x E and f := Y x x E Y 2 . By construction, 
y is an unramified cover of E and admits, via p 2 , a map / : Y" — > X. Let 
Y denote the compactification of Y with respect to the first coordinate and 
/ : Y — > X the morphism induced by /. It follows from Riemann's existence 
theorem that / arises from an underlying smooth map of varieties (i.e., / is 
the effect on the complex points), denoted by / : Y — > X, where X and Y are 
smooth connected varieties over some number field K. It follows from the Leray 
spectral sequence that D„ 1Cji ( a ) is a differential system which is equivalent to a 
subfactor of the Gaufi-Manin connection V : H^ R (Y/X) -> tt 1 ^ ® H^ R (Y/X). 

By [3], Theorem 0.7.1, the claim follows from the connectivity of the motivic 
Galois group of at least one fibre Y s (which is a nonsingular curve in our case), 
where s is a geometric point of X. But this follows analogously to [3], Ex. 16.3, 
from the results of [2] , relating the motivic Galois group of Y s to the Mumford- 
Tate group of the Jacobian of Y s . 

The claim ii) follows from Theorem 7.9, ii). □ 

References 

[1] Y. Andre. G-Functions and Geometry. Aspects of Mathematics 13. Vieweg, 
1989. 



32 



[2] Y. Andre. Pour une theorie inconditioncllc dcs motifs. Publ. Math. IHES, 
83: 5-49, 1996. 

[3] Y. Andre. Sur la conjecture des p-courbures de Grothendieck-Katz et un 
problcme de Dwork. Preprint, 2002. 

[4] F. Baldassari. On algebraic solutions of Lame's differential equations. 
Amer. J. Math., 102: 517-535, 2002. 

[5] F. Beukers and H.A. van der Waall. Lame equations with algebraic solu- 
tions. Preprint, 2002. 

[6] J.S. Birman. Braids, Links and Mapping Class Groups. Annals of Mathe- 
matics Studies 82. Princeton University Press, 1974. 

[7] W. Crawley-Boevey. On matrices in prescribed conjugacy classes with no 
common invariant subspace and sum zero. Preprint (to appear in Duke 
Math. Journal), 2002. 

[8] P. Deligne. Equations Differentielles a Points Singulicrs Rcgulicrs. Lecture 
Notes in Mathematics 163. Springer- Verlag, 1970. 

[9] M. Dettweiler and S. Reiter. An algorithm of Katz and its application to 
the inverse Galois problem. J. Symb. Comput., 30: 761-798, 2000. 

[10] Y. Haraoka and T. Yokoyama. Construction of rigid local systems and 
integral representations of their sections. Preprint, 2002. 

[11] E.L. Ince. Ordinary differential equations. Dover Publications, 1956. 

[12] N.M. Katz. Rigid Local Systems. Annals of Mathemaics Studies 139. 
Princeton University Press, 1997. 

[13] N.M. Katz. A conjecture in the arithmetic theory of differential equations. 
Bull. S.M.F., 110: 203-239, 1982. 

[14] M. Kohno. Global Analysis in Linear Differential Equations. Kluwcr 
Academic Publishers, 1999. 

[15] E. Looijenga. Cohomology and intersection homology of algebraic varieties. 
In J. Kollar, editor, Complex algebraic geometry. Lectures of a summer 
program, Park City, UT, 1993, American Mathematical Society. IAS/Park 
City Math., pages 223-263. Amer. Math. Soc, 1997. 

[16] B. Riemann. Beitrage zur Theorie der durch die Gauss'sche Reihe darstell- 
baren Functionen. Abhandlungen der Koniglichen Gesellschaft der Wis- 
senschaften zu Gottingen, 7, 1857. 

[17] G. Shimura. Introduction to the arithmetic theory of automorphic func- 
tions. Iwanami Shoten, Publishers and Princeton University Press, 1971. 



33 



[18] H.A. van der Waall. Lame equations with finite monodromy. Dissertation, 
Utrecht, 2002. 

[19] H. Volklcin. The braid group and linear rigidity. Geom. Dedicata, 84: 
135-150, 2001. 

[20] F.W. Warner. Foundations of Diffcrcntiablc Manifolds and Lie Groups. 
Scott, Foresman and Co., 1971. 

[21] T. Yokoyama. Construction of systems of differential equations of Okubo 
normal form with rigid monodromy. Preprint, 2002. 

[22] M. Yoshida. Hypergeometric Functions, My Love. Modular Interpretations 
of Configuration Spaces. Vieweg, 1997. 

Michael Dettweiler 

IWR, Universitat Heidelberg, 

INF 368 

69121 Heidelberg, Dcutschland 

e-mail : michael. dettweiler @iwr . uni-heidelberg . de 

Stefan Reiter 

G.R.I.M.M., Univcrsite de Toulouse II 
5. Alices de A. Machado 
31058 Toulouse, France 
email: reiter@math.jussicu.fr 



34 



